Background {#Sec1}
==========

Phylogenetic tree reconciliation is a fundamental technique in the study of the evolutionary relationships of genes and species. Given a gene tree, a species tree, and the association between their leaves, we seek to explain the incongruence between the two trees using a set of evolutionary events. In the widely-used DL model, duplication and loss events are considered, while the DTL model considers horizontal transfers as well. Although these models can explain paralogous gene families, they do not address population effects. In contrast, coalescent models \[[@CR1]\] can explain population effects but implicitly assume that all genes are orthologs. Recently, a new duplication-loss-coalescence (DLC) model has been proposed that combines the duplication-loss tree reconciliation model with a coalescent model. This DLC model has been shown to have higher accuracy of reconstructing evolutionary events than the DL model alone \[[@CR2], [@CR3]\].

Reconciliation is often performed using a maximum parsimony formulation in which each type of event in the model has an associated non-negative cost and the objective is to find a reconciliation of minimum total cost. Wu et al. \[[@CR3]\] gave the first maximum parsimony algorithm for the DLC reconciliation problem. That algorithm has worst-case exponential time, leaving open the question of whether the problem can be solved in polynomial time.

In this paper, we show that the DLC parsimony problem is NP-hard and, further, has no polynomial-time approximation scheme (PTAS) unless P = NP. Specifically, we show that:The DLC parsimony problem is NP-hard even when only seeking to minimize the number of duplications (i.e., loss and coalescence events have zero cost). However, the problem of minimizing duplications alone can be approximated using a PTAS for the multicut problem \[[@CR4]\].The DLC parsimony problem is APX-hard even when only duplications and losses are considered (i.e., coalescence events have zero cost), which implies that no PTAS exists for this problem unless P = NP.Just as complexity results for DTL parsimony \[[@CR5]--[@CR7]\] guided the direction of algorithmic research on that problem, these results serve to guide future work on algorithms and heuristics for the DLC parsimony problem.

Finally, we note that while the DLC reconciliation problem considers duplications and losses, those events are treated differently from duplications and losses in the DL and DTL models due to the introduction of explicit gene loci in the DLC model. Thus, the complexity results that we offer here are not directly related to those for the DL and DTL models. The interested reader is referred to \[[@CR5]--[@CR7]\] for discussions of the DL and DTL models and known results about their computational complexity.

Problem statement and preliminaries {#Sec2}
===================================

This section provides notation, definitions, and basic results that will be used throughout the paper.

Graph definitions {#Sec3}
-----------------

We begin with notation and definitions adapted from Wu et al. \[[@CR3]\]. A *tree* is a rooted binary tree $\documentclass[12pt]{minimal}
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Denote by *c*(*v*) the set of children of *v*, *p*(*v*) the parent of *v*, and *e*(*v*) the directed edge (*p*(*v*), *v*). The partial orders $\documentclass[12pt]{minimal}
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Reconciliations {#Sec4}
---------------
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                \begin{document}$$Le: L(G) \rightarrow L(S)$$\end{document}$ that associates each leaf in the gene tree with the leaf in the species tree in which that gene is found. This function need not be one-to-one nor onto; gene tree leaves that map onto the same species tree leaf correspond to paralogous genes. The *labeled coalescent tree*, defined below, formalizes the notion of a reconciliation in the DLC model.

### **Definition 1** {#FPar1}

(*Labeled Coalescent Tree*) Given gene tree *G*, species tree *S*, and leaf map $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Le:L(G) \rightarrow L(S)$$\end{document}$, a *labeled coalescent tree (LCT)* for ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G, S, Le)$$\end{document}$ is a tuple $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\mathcal {M}, \mathbb {L}, \mathcal {L})$$\end{document}$ where:$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {M}: V(G) \rightarrow V(S)$$\end{document}$ is a **species map** which maps each node of *G* to a node of *S*;$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {L}$$\end{document}$ is a finite set, called the **locus set** of loci that have evolved within the gene family;$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {L}: V(G) \rightarrow \mathbb {L}$$\end{document}$ is a **locus map** that maps each node of *G* to a locus in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {L}$$\end{document}$subject to the following constraints:If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g \in L(G)$$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {M}(g) = Le(g)$$\end{document}$;If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g \in I(G)$$\end{document}$, then for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g' \in c(g)$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {M}(g) \le _S \mathcal {M}(g')$$\end{document}$;For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g, g' \in L(G)$$\end{document}$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g \ne g'$$\end{document}$, if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Le(g) = Le(g')$$\end{document}$ then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {L}(g) \ne \mathcal {L}(g')$$\end{document}$;For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ell \in \mathbb {L}$$\end{document}$, there exists $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g \in V(G)$$\end{document}$ s.t. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {L}(g) = \ell$$\end{document}$;For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ell \in \mathbb {L}$$\end{document}$, let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Constraint 1 asserts that the species map $\documentclass[12pt]{minimal}
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A gene node *g* is said to be a *speciation node* with respect to map $\documentclass[12pt]{minimal}
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The set of gene nodes mapped to a given species node *s* is denoted $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$nodes (s) = \{g | g \in V(G); \mathcal {M}(g) = s\}$$\end{document}$; $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$bottoms (s) = \{g | g \in nodes (s); g \in L(G) \vee \forall g' \in c(g), g' \notin nodes (s) \}$$\end{document}$ is the subset of $\documentclass[12pt]{minimal}
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Next, Wu et al. define duplication and loss events. A duplication event corresponds to the creation of a new locus while a loss event corresponds to a locus that is present at either the top of a species branch, or created via a duplication within the species branch, but no longer present at the bottom of the species branch. More precisely, these events are defined as follows:

### **Definition 2** {#FPar2}
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Figure [1](#Fig1){ref-type="fig"} shows a (a) gene tree, (b) species tree, and (c) a species map and locus map with a duplication event. Figure [2](#Fig2){ref-type="fig"} shows a subtree of a gene tree and a subtree of a species tree with the species and locus maps inducing multiple loss events.

### **Definition 3** {#FPar3}
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### **Definition 4** {#FPar4}

(*DCL Optimization Problem (DCLOP)*) Given gene tree *G*, species tree *S*, leaf map $\documentclass[12pt]{minimal}
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### **Definition 5** {#FPar5}

(*DCL Decision Problem (DCLDP)*) Given gene tree *G*, species tree *S*, leaf map $\documentclass[12pt]{minimal}
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Duplication placement {#Sec5}
---------------------

Duplication events are determined entirely by the locus map $\documentclass[12pt]{minimal}
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### **Definition 6** {#FPar6}

(*Duplication Placement*) Given gene tree *G*, species tree *S*, and leaf map $\documentclass[12pt]{minimal}
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### **Theorem 1** {#FPar7}

*Given gene tree G, species tree S, and leaf map* $\documentclass[12pt]{minimal}
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### *Proof* {#FPar8}
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Conversely, let *D* be a duplication placement and consider the set $\documentclass[12pt]{minimal}
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Henceforth, we use locus maps and duplication placements interchangeably. When defining a duplication placement *D*, we say that a duplication is *placed* on an edge (*u*, *v*) to mean that edge (*u*, *v*) is included in the set *D*. We say that a duplication is *placed between* two leaves *g* and $\documentclass[12pt]{minimal}
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3SAT {#Sec6}
----

Our reductions will be from 3SAT \[[@CR8]\]: Given *m* Boolean variables $\documentclass[12pt]{minimal}
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NP-hardness {#Sec7}
===========

We show that DLCDP is NP-hard, even when loss events have cost zero, by a reduction from 3SAT. To provide intuition, we begin with a small example of the reduction and sketch the proof of correctness. Afterwards, we formalize the reduction and prove its correctness.Fig. 3A small example of the reduction for a single clause $\documentclass[12pt]{minimal}
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We set the cost of duplication events, $\documentclass[12pt]{minimal}
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As noted earlier, the variable gadget leaves mapped to species 1, 2, and 3 require that there be at least one duplication placed within each variable gadget. Similarly, the three clause gadget leaves mapped to species *A* are paralogs and imply that there must be two duplications placed in the clause gadget rooted at $\documentclass[12pt]{minimal}
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To prove the converse direction, we assume a solution to the constructed DLCDP instance; as noted above, this implies that there exists one duplication placed in each variable gadget and two in the clause gadget. At least one duplication must be placed in the subtree rooted at $\documentclass[12pt]{minimal}
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Formal reduction {#Sec8}
----------------

Given a 3SAT instance with *m* variables $\documentclass[12pt]{minimal}
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### Variable gadgets {#Sec9}
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### Clause gadgets {#Sec10}
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### Event costs and decision parameter {#Sec14}

We set the cost of a duplication event to be 1 and all other event costs to be 0. The decision parameter is $\documentclass[12pt]{minimal}
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Proof of correctness {#Sec15}
--------------------
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APX-hardness of the DLC parsimony problem {#Sec18}
=========================================

When only the duplication cost is considered, the DLC optimization problem, DLCOP, can be approximated arbitrarily well using the polynomial-time approximation scheme (PTAS) for Multicut in binary trees \[[@CR4]\] since duplications correspond exactly to removed edges in the Multicut problem. However, we now show that DLCOP has no PTAS in general, unless P = NP. Specifically, we show that DLCOP is APX-hard when duplications and losses are considered. We establish this result by a polynomial-time reduction from [max3sat(b)]{.smallcaps} which comprises a Boolean formula in 3-CNF form in which each variable appears at most *B* times in the clauses. Arora \[[@CR9]\] showed that, for some $\documentclass[12pt]{minimal}
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Our reduction maps an instance of [max3sat(b)]{.smallcaps} with *n* clauses (for sufficiently large values of *n*) to an instance of DLCOP and a parameter *b* such that the optimal solution to the DLCOP instance is less than *b* if the [max3sat(b)]{.smallcaps} instance is satisfiable and more than $\documentclass[12pt]{minimal}
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Reduction {#Sec19}
---------

Given an instance of [max3sat(b)]{.smallcaps} comprising *m* variables and *n* clauses, we construct an instance of DLCOP comprising a gene tree, a species tree, a leaf map, and event costs. The reduction is based on the NP-hardness reduction in the previous section but introduces more complex gadgetry and uses nonzero cost for loss events.

### Thorn gadget {#Sec20}
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### Variable gadgets {#Sec21}
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### Leaf map and event costs {#Sec25}
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Proof of correctness {#Sec26}
--------------------

To prove the correctness of our reduction, we show that:If the [max3sat(b)]{.smallcaps} instance is satisfiable, the optimal cost of the constructed DLC instance is less than $$\documentclass[12pt]{minimal}
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### Satisfiable MAX3SAT(B) instances {#Sec27}

We first consider a satisfiable instance of [max3sat(b)]{.smallcaps}. We show how a satisfying valuation can be used to construct a solution to the DLC instance whose cost is less than *b*.
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We have shown that every satisfied clause contributes $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2n^2$$\end{document}$ losses and every unsatisfied clause contributes $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$3n^2$$\end{document}$ losses. Therefore, if there are fewer than $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2n^3 + \epsilon n^3$$\end{document}$ losses then there must be fewer than $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\epsilon n$$\end{document}$ unsatisfied clauses. Since there are more than $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\epsilon n$$\end{document}$ unsatisfied clauses by assumption, for sufficiently large *n*, the cost of a well-behaved solution, and thus of an optimal solution, is at least:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} 5n(2Bn^2) + 2n^3 + \epsilon n^3&= (10B+2+\epsilon )n^3 \\&> \left( 10B+2+\frac{\epsilon }{2} \right) n^3+\left( 1+\frac{\epsilon }{20B+4} \right) 121n^2\\&= (1+\alpha )b \end{aligned}$$\end{document}$$ $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Box$$\end{document}$

Conclusion {#Sec29}
==========

We have shown that the DLC parsimony problem is NP-hard even when only duplications are considered and APX-hard when duplications and losses are considered. These results may help guide the direction of future research on algorithms and heuristics for the DLC parsimony problem. In particular, although the existence of a polynomial-time approximation scheme for the DLC parsimony problem would imply that P = NP, approximation algorithms may exist and would be of significant potential value.

Wu et al. include one other relation in the LCT, a partial ordering relation $\documentclass[12pt]{minimal}
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Wu et. al use the names *leaves* and *roots* where we use *bottoms* and *tops*, respectively.

Note that this is opposite of what was done in the preceeding NP-hardness proof. This switch is necessary as becomes evident in the subsequent proof of correctness.
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